The modular characters of the Mathieu groups  by James, G.D
JOURNAL OF ALGEBRA 27, 51-111 (1973) 
The Modular Characters of the 
G. D. JAMES 
Department of Pure Mathematics, Cambridge University 
Communicated by W. Feit 
Received March 27, 1972 
1. INTRODUCTION 
The ordinary irreducible characters of the Mathieu groups were calculated 
by Frobenius [4] in 1904. In this paper we work out all the p-modular 
characters of the Mathieu groups, except for one &modular irreducible 
character of &?a, . 
It is well known that for primes p not dividing the order of the group, the 
p-modular irreducible characters are the same as the ordinary irreducible 
characters. For primes which divide the group order to the first power only 
Brauer’s papers [l] and [2] give powerful methods with which to attack the 
problem of finding the modular characters. The results for the primes 
relevant to the Mathieu groups are given in Chaps. 3-6. The methods used 
to discover which of the possible trees determines the decomposition matrix 
are similar to those used in the chapters on the primes 3 and 2. All tabular 
material appears at the end of the article. Tables V and VI are from Todd [5]. 
Throughout, we denote ordinary and modular characters by their degrees 
alone. The complex conjugate of a character n is denoted by %. When there 
is more than one character of a particular degree, the distinguishing marks are 
as in the tables at the end. If there is no ambiguity, equations between 
characters should be read on all classes or on p-regular classes, according to 
context. 
2. PRELIMINARY RESULTS 
We shall often make use of the fact that if M is a module and M* its dual, 
then 
M @ n/17* = Hom(M, M) > (NIatrices of trace 0). 
* This paper is based on the author’s Cambridge University Ph.D. Thesis. The 
work was supported in part by the Science Research Council. The author wishes to 
express his gratitude to his supervisor, Professor J. 6. Thompson. 
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If the characteristic of the field over which we are working divides the 
dimension of M, then 
(Matrices of trace 0} > {scalars} > (0). 
The following simple result is frequently useful: 
THEOREM A. Suppose q+ and y2 are modular irreducible characters which 
are respectively real and complex (i.e., the dual +jz of qpz is not equal to &. 
Let x1 and x2 be modular characters, respectively real and complex. Then 
(a) vz and I& are constituents of x1 with the same multiplicity; 
(b) q+ is a constituent of x2 with the same multiplicity as that of q+ in xz ; 
(c) v2 is a constituent of x2 with the same multiplicity as that of q2 in x2 . 
THEOREM B (Brauer and iVesbitt [5]). The tensor product of a projective 
indecomposable character with a modular irreducible character can be written 
as a sum of projective indecomposable characters. 
DEFINITIONS. 
(i) For a given prime, we shall call a column of the decomposition 
matrix a D-basis element. 
(ii) We shall call the set of linear combinations with positive integral 
coefficients of D-basis elements the D-space. 
Theorem B gives a method of constructing other D-space elements from 
a given D-space element. Other methods include inducing up a projective 
indecomposable character from a subgroup, or restricting one from a larger 
group having the given group as a subgroup. The following theorem some- 
times turns out to be useful when we have a modular character which is 
“nearly” irreducible: 
THEOREM C. Suppose x is an irreducible p-modular character of a group 
G, and M is a G-module aflording x. Suppose His a subgroup of G and that, as 
an H-module, M has a submodule L aflording the modular character + of H. 
Then $” has x as a constituent. 
Proof. LG=L@gO+***+L@gn, where the gi’s are coset represent- 
atives of H in G: 
T: 1 @gi --t lgi gives a module homomorphism of LG into M, having a 
nonzero image: 
LG/kern n s M. 
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3. THE 23-MoDuL4~ CHARACTERS OF THE MATHIEU C&UPS 
The groups of interest are MS3 and n/l,, i the only ~a~hi~~ groups of order 
divisible by 23. 
THEOREM 3.1. In n/r,, , the characters 230, 253, 1035, and 2024 belong to 
blocks of defect 0 for the prime 23. The remaining characters all belong to the 
~~~nc~pal block, of defect 1. The tree for this block is 
THEOREM 3.2. In Mz4 the following thirteen characters belong to blocks of 
deject 0 for the prime 23: 23, 253, 483, 1035, 1035, 1035’, 1265, 1771, 2024, 
2277, 3312, 5313, 5796. All the other characters belong to thep~i~~a~ block of 
defect 1. The tree for this block is 
990 m 
45 
770 231 El 
~ THE ll-MODULAR CHARACTERS OF THE MATHIEIJ GROWS 
THEOREM 4.1. In M1, the characters 11, 44, and 55 belong to bZocks of 
defect 0 for the prime 11. All the other characters are i?z the pyi~~al block and 
the tree for this block is 
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1 10' 45 16 
x r. 3 
THEOREM 4.2. In Ml, all the following characters belong to blocks of defect 
0 for the prime 11: 11, 1 l’, 55, 55’, 55”, 66, 99, 176. The tree for the principal 
block, to which all the remaining characters belong, is 
1 54 144 120 45 16 
w 0 . 
THEOREM 4.3. In n/r,, the characters 55, 99, 154, 231, 385 belong to blocks 
of defect 0 for the prime 11. The other characters all belong to the principal block, 
for which the tree is 
45 
1 21 210 
x " 
THEOREM 4.4. In Mz3 the following characters belong to blocks of defect 0 
for the prime 11: 22, 23 1,231, 231’, 253, 770, 770,990, 990, 2024. The rest of 
the characters belong to the principal block, and the tree for this block is 
1 230 1035 
x 
THEOREM 4.5. In n/r,, 231, 231, 253, 770, 770, 990, %I, 1771, 2024, 
2277, 3520, 5313, 5544, and 10395 all belong to blocks of defect 0 for 
the prime Il. 
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The remaining characters are all in the principal block. The tree for the prin- 
cipal block is 
zi 
1035 
5. THE ~-MODULAR CHARACTERS OF THE MATHIEU &OUFS 
THEOREM 5.1. In M,, the following characters belong to blocks of defect 0 
for the prime 7: 21, 154, 231, 210, 280, 280, 385. The other characters are all 
in the principal block, for which the tree is 
1 55 99 45 
THEOREM 5.2. In MS, the following characters beloq to blocks of defect 
for the prime 7: 231, 231, 231', 770, 770, 896, 896. There are two blocks of 
defect I, for which the trees are 
45 253 230 22 
0 A ” -3 1 
I 1035 2024 990 
X ” 
THEOREM 5.3. In MS4 there are eleven blocks of defect 0 for the prime 7 
arisingfrom the characters 231, 231, 252, 483, 710, 770, 1771, 5313, 554, 
5794, and 10 395. There are three blocks of defect I, whose trees aye 
1 1035' 2024 990 
x c\ ” 6 
23 1265 2277 103.5 
x h ” A cl 
253 3520 3312 45 
X h ” -0 * 
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6. THE ~-MODULAR CHARACTERS OF THE MATHIEU GROUPS 
THEOREM 6.1. MI, has five blocks of defect 0 for the prime 5 coming from 
lo’, 10, a, 45, and 55. The tree for the rest of the characters is 
1 
16 ---l- 44 Yz. 
THEOREM 6.2. In n/r,, there arefive blocks of defect 0 for theprime 5,namely, 
45,55, 55’, 55”, and 120. There are two blocks of defect 1, the trees for which are 
11 
X 
54 
16 x x16 , 
XII' 
1 99 176 144 66 
X " ti x . 
THEOREM 6.3. In MSz the following characters give blocks of defect 0,for the 
primes 5: 45, 43, 55, 210, 385, 280, 280. The other characters are all in the 
principal block, for which the tree is 
1 99 231 154 21 
X 0 " x . 
THEOREM 6.4. In Mz3 the following characters belong to blocks of defect 0 
for the prime 5: 45, ;?5, 230, 770, ?%, 990, 990, 1035. There are two blocks of 
defect 1, and the trees for these blocks aye 
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22 253 231 
x x . 
THEOREM 6.5. In lk& there are twelve blocks of defect 
coming from 45,~,770,~,99O,%%i,1035, 1035,1035',1265, 3520, 10395. 
There are three blocks of defect 1, and the trees for these blocks are 
d 2024 5796 5544 1771 
X r\ n " )c , 
23 3312 5313 2277 253 
x m A " x P 
231 483 252 
x " x 
'7. THE ~-MODULAR CHARACTERS OF THE MATHIEU GROUPS 
A. The 3-modular characters of MI, 
It is useful to begin by finding the irreducible 3-modular characters of 
L,(l l)(f~r a character table, see Table VII). 
LEMMA 7.1. The following ordinary irreducible characters of L,(1 1) are 
3-modular irredzlcible, and give all the modular ~~yed~~‘bles~ 
1, 5,5, 10, 12, E. 
Proof- There is a Frobenius subgroup E of order 11.5. 
Hence no nontrivial irreducible modular character has degree < 5, 
10/E = $J + I$, where deg$ = deg (i; = 5, so 1 is not a consti~e~t of I 
The rest is now clear. 
q.81/27/1-5 
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In M,, , 45 is modular irreducible (since it belongs to a block of defect 0). 
Also, 10 and a are modular irreducible since Ml, has a subgroup g L,(ll), 
and both restrict to 10 in this subgroup. 
LEMMA 7.2. The D-basis element corresponding to 1 is 
1 1 
11 1 
16 1 
16 1 
55 1. 
Proof. The following relations hold between the ordinary characters of 
Ml, on the 3-regular classes: 
1 + 10 + m + 11 = 16 + i-6 (*), 
1 + 10 + lo + 44 = 55 + lo’ (**). 
By restricting to a Frobenius subgroup of order 11.5, we see that 1 is not a 
modular constituent of 10’ or 44. 
Now, (*) and (**) imply that 1 is a modular constituent of 16, %, 55, and 
hence also of 11. Its multiplicity is one, again by looking at a subgroup of 
order 11.5. 
Again using (*), we see that 10 (or a) is a modular constituent of 16 - 1. 
Therefore, there is a modular irreducible of degree 5 as shown below: 
111 13 9 24 13 9 42 1 , 52 19% 8 1,Z 8 11 11 
5 1 -1 o-i~z-1~~z-1g(-l~t~~)~(-l~fi) 
24 0 0 -1 2 2 2 2 . 
Taking the tensor product of 5 with its dual 5, and subtracting the consti- 
tuent 1, we obtain the character of degree 24 as shown. 
Since the modular character of degree 24 restricts to the subgroup iso- 
morphic to L&l) to become 12 + E, it must be modular irreducible in Ml, 
(where there is a single class of elements of order 5). 
Now, 10’ # 5 + 5, and so 10’ is modular irreducible, and all seven modular 
irreducibles in the principal block have been found. (Ml, has eight 3-regular 
classes.) 
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THEOREM 7.1. If we order the characters 10, m, 16, a 
decomposition matrix of Ml, fey the prime 3 is 
1 1 1 I 
1 
1 
The Cartan matrix is 
223301 
312101 
131201 
214312 
123412 
001121 
112212 
1 
B. The Smodular characters of Ml2 
MI, has I1 3-regular classes. 
54 belongs to a block of defect 0. 
(45, 99, 144) forms a block of defect 1, giving the tree 
45 144 99 
x-w------x. 
LEMMA 7.3. 
is a D-bak element. 
11 1 
55 1 
55” 1 
176 4 
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Proof. Induce up the projective indecomposable 10’ + 44 from n/r,, and 
note that 
(11, 55, 55, 176) = (11, 1, 1, 14)(mod 27), 
so no subsum of 11 + 55 + 55 + 176 is = 0 (mod 27). 
LEMMA 7.4. There are modular irreducible characters 10 and 45m such that 
55 = 10 + 45m and 11 = 10 + 1. 
Proof. On 3-regular classes, 
1 + 55” + 120 = 55 + 55’ + 66. 
Of the characters appearing in this relation, only 55 and 55” restrict to have 
10’ as a modular constituent in M,, . 
55/J&, = 10’ + 45. 
So in Mr, , 55 cannot be modular irreducible (as this would imply that 55 
and 55” are the same on 3-regular classes, which is not so), and it has two 
modular irreducible constituents of degree 10 and 45. 
That 10 is a constituent of 11 follows by looking at the D-basis element in 
Lemma 7.3. 
LEMMA 7.5. There are modular irreducible characters 10’ and 45m’ such 
that 55’ = 10’ + 45m’ and 11’ = 10’ + 1. 
Proof. M,, has an outer automorphism taking one conjugacy class of 
elements of order 8 into the other, and so also interchanging the elements of 
order 4 (cf. G4 z M,, . 2 in Todd’s paper [5]). 
The result now follows from Lemma 7.4. 
LEMMA 7.6. 
55 1 
55’ I 
120 1 1 
176 1 1 
are the D-basis elements corresponding to 45m and 45m’, respectively. 
Proof, The first is obtained by inducing up 45 from A&, and noting 
that (55, 120, 176) = (1, 12, 14)(mod 27). 
That the second is the column corresponding to 45m’ follows by an 
argument similar to that in Lemma 7.5. 
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LEMMA 7.7. 16 = 15 + 1 and% = ~ + 1 with 15 and fi rn~~u~a~ 
iYW&Ciblt?. 
Proof. 16 + 16 + 45m + 45m’ = 120 + 2.1 on S-regular classes. So 1 
and % have 1 as a constituent. But any nontrivial constituent of 16 must 
restrict to include both 5 and 10 as constituents in Np,, p since in Mr, there is a 
single class of elements of type 12, 2, 8. 
LEMMA 7.8. The D-basis elements corresponding to 15 and E are 
16 1 
G 1 
55’ 
66 1 1 
120 1 1 
176 1 1. 
ProoSp. Induce up the column corresponding to 10 in i&i to obtain: 
16 1 
16 
55’ 1 
66 I 
120 2 
176 2. 
But 15 is certainly not a constituent of 55’, so this column must include the 
column corresponding to 45m’ (see Lemma 7.6). Subtracting this column, we 
obtain the column shown. This does correspond to a projective indecom- 
posable, since 
(16, 66, 120, 176) = (16, 12, 14, 12)(mod 27) 
To summarize, the following D-basis elements have been folund: 
10 10’ 15 Is 451~2 45m’ 
11 1 
11’ 1 
16 1 
16 1 
55 1 4 
55’ 1 1~ 
55” 1 1 
66 1 1 
120 111 1 
176 1 1 1 1 1 
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The remaining two modular irreducibles in the principal block are 1 and a 
modular irreducible character # of degree at most 35 appearing in 55”. 
LEMMA 7.9. 55” = 10 + 10’ + 1 + $ on 3-regular classes. 
Proof. 
1 + 66 + 144 + 45 = 16 .i6 
on 3-regular classes. 
Since 15 is divisible by 3, 15 . E has 1 as a modular constituent with 
multiplicity two. Hence, so has 66. 
But 66 = 55” + 15 + B - 10 - 10’ + 1 on 3-regular classes. 
Thus, 55” has 1 as a constituent and its multiplicity is exactly one (by 
restricting to n/r,,). 
This completes the working for n/r,, . 
THEOREM 7.2. For Ml, the decomposition matrix fey p = 3 is 
54 
45 
99 
144 
1 
11 
11’ 
16 
16 
55 
55’ 
55” 
66 
120 
176 
54 
1 
45 99 1 10 
1 
1 
1 1 
I 
1 1 
1 
1 
1 
1 1 
2 
2 1 
10 15 45m 45m’ 34 
1 
1 
1 
1 
1 1 
1 I l_ 
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The Cartan matrix is 
54 
45 
99 
1 
10 
10’ 
15 
15 
45m 
45m’ 
34 
1 
2 1 
1 2 
14 4 4 5 5 2 2 5 
44211212 
42411122 
51143222 
51134222 
22122321 
21222231 
52222113 
69 
C. The 3-modular characters of iW& 
In MS,, 45, ;TJ, and 99 each belong to blocks of defect 0. (21, 21 
forms a block of defect 1, giving the block 
21 210 
21 1 
210 1 
231 1 1 
of the decomposition matrix. The remaining characters belong to the principal 
block. 
]LEMMA 7.10. 1 is not a constituent of 280 OY 280 in M,, . 
Pyoof~ Restrict the projective indecomposable 21 + 231 to M,,: 
21 + 231/l&, = 1 f 20 + 35 + 35’ f 35” $ 63 + 63”. 
The right-hand side gives a member of the D-space of n/a,, , and so, in 
particular, 1 is not a modular constituent of 64 in MS, I 
ut 28O/Ma, = 64 + 63 + 63’ + 45 + 45. 1 is not a modular constituent 
y of these (the last four are modular irreducible). 
Hence 1 is not a constituent of 280 or 280 in M,, . 
LEMMA 7.11. Th f 11 e o owin aye D-basis elements irk, n/4,, : g 
1 1 
55 1 
154 1 1 
385 1 1 1. 
280 1 
280 
a c 
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Proof. Take the tensor product of the projective indecomposable 45 with 
the modular irreducible 45 : 
45 - 45 = 1 + 154 + 2.385 + 280 + 280 + 99 + 210 + 231. 
Hence a + b belongs to the D-space. 
But, by Lemma 7.10, 1 is not a constituent of 280 or 280, and (1, 154, 385, 
280,280) 3 (1, 1, 7, 1, l)(mod 9). 
Therefore a and b are D-basis elements. 
To obtain c, note that 1035 in Maa lies in a block of defect 0, and that 
1035/M,, = 55 + 154 + 385 (+ 210 + 231). 
LEMMA 7.12. 
55 2 
154 4 
385 4 
280 1 
280 1 
is a member v of the D-space of MS2 . 
Proof. Restrict the D-basis element E:i : from M,, to M,, : 
210 + 231/&r = (20 + 63 + 63’ + 64) + (35 + 35’ + 35” + 63 + 63’). 
Hence 
20 1 
35 1 
35’ 1 
35” 1 
64 1 
belongs to the D-space of M,, . 
Induce up to M2, : 
(20 + 35 + 35’ + 35” + 64)” = 2 - 55 + 4 - 154 + 4 * 385 + 280 + 280 
(+2 - 99 + 21 + 2 * 210 + 3 - 231). 
And the result follows. 
Now, M,, has ten 3-regular classes, and hence there are five modular 
characters in the principal block. But we have found three columns (a, b, c) of 
the principal block and no combination of these gives the D-space element v 
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above. There is a pair of complex modular characters arising from 280 and 
280 and these have not yet been accounted for. The D-basis elements u and 
corresponding to these must therefore contribute to giving the D-space 
element v. Hence b does not contribute to v. Nor does a. 
Since 55 is real, either both u and u’ have 0 as coefficient opposite 55 or they 
both have 1 as coefficient opposite 55. 
Therefore either v = u + u’ or v = u + U’ + 2~. 
LEMMA 7.13. .h fact, v = 11 + u’ + 2c, so the two 
u and tt’ me 
154 11 
385 1 1 
280 1 . 
%ii 1 
I.2 16’ 
Proof. Suppose v = u + u’. Then the principal block would be 
1 y XW x 
1 1 
55 1 1 1 
154 1122 
385 11221’ 
280 1 I 
280 1 1 
a c u tl’ 
The degrees of the modular irreducible characters would be given by 
x = 385 - 154 = 231, w = x = 28 
But then w + z > 55 and this contradicts the second row. 
Having found all the D-basis elements, we can state 
THEOREM 7.3. The decomposition matrix t$ l&,for the prime 3 is 
72 
where 
D, = ;;; 
280 
280 
1 55 49 49 231 
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The Cartan matrix is 
where 
2 1 
2 1 
2 2 
3 2 
2 3 
21 210 
21 2 1 
cz = 210 1 2 * ( 1 
D. The 3-modular characters of Mz, 
In iVlzs , there are the following blocks of defect 0: 
45,;?5, 990, 990, 1035. 
The three characters of degree 231 are the same on 3-regular classes, and 
form a block by themselves. 
Since iWz, has 13 3-regular classes, there are seven modular irreducible 
characters among the remaining characters, all of which belong to the prin- 
cipal block. 
LEMMA 7.14. 
1 1 
2024 1 and 
253 1 
2024 1 are D-basis elements. 
a b 
Proof. The tensor product 45 .c gives a. 
Inducing up 99 from M,, gives b. 
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LEMMA 7.15. The following all belong to the D-space: 
22 1 
230 1 2 
253 1 
770 I 
770 1 
896 1 1 I 
896 1 I 1 
2024 1 2 3 
c a e 
73 
Proof. In Ma,, (252, 5544, 5796) forms a block of defect 1. Restrict the 
projective indecomposable 5796 + 5544 to Ma, : 
5796 C 5544/M,, = 770 + 770 + 2(990 + 990) + 896 + 896 + 2 + 2 
whence d. Restrict 252 + 5796 to Ma, : 
252+5796/1Wz,=22+230+896+896+-990+990+2024, 
whence c. 
To obtain e, induce up the projective indecomposable 55 + 15 
from M,, . 
LEMM4 7.16. The following are D-basis elements: 
230 1 1 770 1 1 
896 1 770 11 B 
c and _ 896 1 and 896 1 or 1 ~ 
2024 1 1 896 B 1 
tl u’ 2024 1 1 1 1 
v v’ v v’ 
Proof. Two D-basis elements of the principal block have been found. 
Of the remaining five, there must be a pair corresponding to the dual 
characters appearing as constituents of $96 and 896, and similarly for 77 - 
and 778. Call these pairs u, u’, and v, v’. 
Certainly c does not have a, b, v, or v’ as constituents. Nor, since 2%,%3 
and 2024 are real, does it have u or u’ as a constituent. Therefore, c is a 
D-basis element. 
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Now, e belongs to the D-space, and of the set {a, b, c, u, II’, v, v’} it can 
have only b, u and u’ as constituents. Since 2024 is real, e must be b + u + u’. 
Hence the D-basis elements u and u’. 
But then d can have none of {a, b, e, u, u’) as constituents. So d = v + v’ 
and v, v’ are as shown. 
THEOREM 7.4. The decomposition matrix of Mz3 for the prime 3 is as 
follows, provided that the ordinary characters 770, 770, 896, and 896 are 
suitably ordered: 
4 
D= 
( i 
D, , 
15 
where 
1 22 104 104 253 770 ?% 
1 
22 
230 
253 
D, = 770 
7% 
896 
896 
2024 
The Cartan matrix is 
where 
1 
1 
1 1 1 
1 
1 
1 1 1 
1 1 
1 1 1 1 1 1 
231 
231’ 1 
D,=231 1. 
0 2311 
G 
C= ( 1 3 15 ’ 
1’2 111111 
22 1 5 3 3 1 2 2 
104 1 3 3 2 1 2 1 
c,=iiFl 1 3 2 3 1 1 2. 
253 1 1 1 1 2 1 1 
770 1 2 2 1 1 3 1 
I 770.12 12 1 1 3, 
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E. The 3-moddar characters of MS1 
iUS4 has one block of defect 0, namely, (10395) and four blocks of defect 1: 
252 5794 5.544 
(252, 5544, 57961, 
45 1035 990 
{45, 1035, 9901, 
{as, 1035, 9901, 
(1035’, 2277, 3312). 
The rest of the characters belong to the principal block, and, since there are 
16 3-regular classes, there are seven modular irreducibles in the principa 
block. 
LEMMA 7.17. 231 and 231 are modular irreducible (giving a single modern 
character). 770 and 770 are modular irreducible. 23 = 22 +- 1 witIs 22 mod~~~~ 
~r~ed~~b~e. 
Proof. 231, 231, 770, and 770 are all modular irreducible, since they are 
when restricted to A!&, . 
Now, 253 + 1 = 231 + 23 on 3-regular classes. 
Therefore 23 = 22 + 1 and 22 is irreducible, by restricting EO &&a again 
We have now found five of the seven irreducible modular characters in the 
principal block, namely, 
1, 22, 231, 770, and 770. 
The last two are given by the following lemma: 
LEMMA 7.18. 483 is irreducible, and 1265 = 22 + 1243 with 1243 irre- 
ducible. 
Proofa 
483/M,, = 230 + 253 
and 
1265/M,, = 1035 + 230. 
Hence, the only possible constituent of 483 and 126.5 among those already 
found is 22. 
Now, 23 . 45 = 1035, so 22 . 45 = 990 (on 3-regular classes). 
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But 483 .45 = 5544 + 5796 + 10 395, all of which belong to blocks 
other than that containing 990. 
Therefore 22 is not a constituent of 483. 
Next, induce up the modular character 104 + 104 from Ma, . 
(230 - 22)* = 483 + 1265 + 3520 - (23 + 253). 
But 3520 = 231 + 483 + 770 + 7% + 1265 + 1, 253 = 231 + 22 (on 
3-regular classes). 
Therefore 3 a modular character: 
2 .483 + 2 . 1265 + 770 + 776 - 2 .22. 
Therefore 22 is a constituent of 1265. 
LEMMA 7.19. 
1771 = 231 + 770 + %i, 
2024 = 1 + 483 + 770 + 770, 
3520=1+22+231+483+770+~+1243, 
5313 = 1 + 2 -22 + 2 -231 + 483 + 2(770 + 770) + 1243 
on 3-regular classes. 
Proof. Check. 
THEOREM 7.5. For p = 3, the decomposition matrix of iI!& is 
10395 
Q 
D= 
where 
252 5544 1035’ 2277 
45 990 
1 
23 
231 
231 
253 
483 
5 = 770 
770 
1265 
1771 
2024 
3520 
5313 
The Cartan matrix is 
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1 22 231 483 170 770 1243 
1 
1 1 
1 
1 
1 1 
1 
1 
1 
1 1 I 
1 2 2 
1 
1 
4 
I 1 
1 1 
1 1 1 
2 2 1 
where 
c = 45 2 1 
1 ( 1 990 1 2 ’ 
c,- 452 1 
2 ! 1 990 I 2 ’ 
c3 252 = 5544 ( 2 1 1 1 2) c 4 1035’ = 2277 ( 2 1 1 1 2 ’ 
1 
22 
231 
c, = 483 
770 
770 
1243 
‘5 4 3 3 4 4 
486355 
369366 
333444 
4564873 
4564783 
,2 4 3 2 3 3 3, 
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8. THE ~-MODULAR CHARACTERS OF THE MATHIEU GROUPS 
A. The 2-modular characters of Ml, 
Ml, has a subgroup L s L,( 1 l)(see Table VII). 
In L,(ll), 12 and 12’ belong to blocks of defect 0, and (10, 10’1 is a block 
of defect 1. It is easy to see that the characters 5 and 5 are modular irreducible. 
Thus, all the modular irreducible characters of L are given by 
1, 5, 5, 10, 12, 12’. 
Now, in M,, , 16 and a belong to blocks of defect 0, and there are three 
modular irreducible characters in the principal block. 
We have: 
All 10’s are equal, 
11 = 10 + 1, 
45 =44+1, 
on 2-regular classes. 
55 = 44 + 10 + 1, 
44/L = 12 + 12’ + 10 + 5 + 3, 
10/L = 10, I 
on 2-regular classes. 
So 10 is modular irreducible, 1 is not a constituent of 44, and 10 is a con- 
stituent of 44 with multiplicity at most one. Thus, all the modular irreducible 
characters in the principal block are given by 
1, 10, and 44 or (44 - 10). 
LEMMA 8.1. 10 is not a constituent of 44. 
Proof. Ml, has a subgroup of index 55 keeping fixed a pair of points. 
The permutation character of this subgroup is 
1 + 10’ + 44. 
We may regard the corresponding representation of Ml, reduced modulo 2 
as the vector space T/ of graphs on our set of 11 points (labeled 1, 2,..., ll), 
with addition defined to be symmetric difference. 
An element of V is said to be a cycle if the valency of every point is even; 
it is said to an even cycle if, further, the number of edges is even. 
Let VI be the 11-dimensional vector space of 11-tuples with entries in 
GF(2), and let V, = VJ(lrr). 
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There is a linear transformation 8 from V onto V, defined on the basis 
vectors (the lines) as follows: Map the line (ij) to the vector having l’s in the 
jth andjth positions and O’s elsewhere. 
Ker 8 has dimension 45, and clearly consists of the cycles. 
Thus, the invariant subspace of even cycles has dimension 44. We wish to 
know whether this contains a proper invariant subspace. Suppose some non- 
zero even cycle C belongs to an invariant subspace V*. Then C contains some 
line, which we may take to be (10, 11). 
consider now the action of the subgroup iWa of II&r, on the nine points 
1, 2,..., 9. 
&Is stabilizes a set of special triangles. These can be split up into four sets 
Tr p TS ) T, ) T4 of complementary triangles. Say, 
Tl = ((123) (456) (789)), 
T2 = ((147) (2%) (369)), 
T3 = ((159) (267) (348)), 
T4 = ((186) (429) (375)). 
A sylow 3-subgroup S of &Is consists of I, the product of the cycles s 
in Ti (1 < i < 4), and their inverses. 
Given a line (ab), there is a unique special d containing (ab); suppose this 
A E Ti . 
Then 
Hence 
z3 Cx = (10, 11) + iI (10, a) + i (11, b) + some special b’s. 
b=l 
Since the number of lines on the right-hand side must be even, there are 
an odd number of special d’s appearing. 
Next, note that the following elements belong to I& : 
go = 1 keeping the sets Ti fixed; 
g, = (2437)(9856), interchanging TI and Ta , and Ta and TJ ; 
g, = (X539)(7648) interchanging Tl and Ta 1 and Ts and T, ; 
g, = (2836)(4975) interchanging TI and TJ , and T, and T3 I 
Therefore, if A is a special triangle, and G = CzSS izo xgf , then AG = 
of all the special A’s = the complete graph on I,.. 9. Hence C(za,, x) 
the complete graph on l,..., 9. 
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Since n/r,, is doubly transitive on 1, 2,..., 11, we deduce that every complete 
g-graph is in I’*. 
But now, given any triangle, we conclude that the complement of the 
triangle in the complete 11-graph (called the co-triangle) belongs to I’*. 
For, if the d is (a, b, c), 
co-d = complete g-graph on the 9 points omitting a, b 
+ complete g-graph on the 9 points omitting a, c 
+ complete g-graph on the 9 points omitting 6, c. 
But, any cycle is the sum of A’s. So any even cycle is the sum of an even 
number of A’s, which is the same as the sum of the corresponding co-A’s. 
So V* = {even cycles), and is irreducible. 
We have now proved 
THEOREM 8.1. The decomposition matrix of Ml, for p = 2 is 
1 10 44 
1 ‘1 
10 1 
10 1 
10’ 1 
11 1 1 
44 1 
45 1 1 
55 1 1 1 
16 
16. 
The Cartan matrix is 
1422 
10 2 5 1 
44 2 1 3 
16 
iis i 
B. The 2-modular characters of Ml2 
In M,, , (16, %, 144, 176) is a block of defect 2. 
16 and i& are modular irreducible and are not constituents of 144, because 
16/M,, = 16 and (144/M,, , 16/M,,) = 0. 
176 = 144 + 16 + i% on 2-regular classes. 
There are three modular irreducible characters in the principal block. 
54 = 45 + 11 - 2 * 1 on 2-regular classes. 
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ecalhng the results for MI, , it is now clear that the principzl b?oc 
contains just the modular irreducibles 
1,44 = 45 - 1 and 10 = 1% - 1. 
Tai330R~M 8.2. The decomposition matrix of 
where 
1 10 44 
1 
1 
1 1 
1 1 
1 1 
1 
1 1 
2 1 
1 2 
3 2 
7 
The Cartan matrix is 
where 
c. e 2-modular characters of M,, (L,(4)) 
In order to tackle M,, , it is useful first to calculate the Z&modular irre 
ible characters of L,(4). 
Consider first S&(4). This has a natural three-dimensional 2-modular 
representation which is faithful on the center. We call the modular character 
of one such representation 3w. By applying the field automorphism, we 
obtain a modular character 3’w from 3w. The values of these characters are 
as follows: 
82 
Order of element: 
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13 5 5 7 7 
3w: 
3 o 1+& 1-G -1+iV? -l-2.d - ~ 
2 2 2 2 
3’w: 3 o 1-45 1+fi -l-!-iv? -l--i& 
2 2 2 2 
where the values on the 2-regular classes not shown differ by w and ~2 from 
those shown (w a complex cube root of unity). Call the complex duals of 
3~ and 3’w, 3~s and 3’ws, respectively. 
Taking tensor products 3w . 3J and 3’~ * 3’~~ and subtracting the 1 
character, we obtain modular characters ofLs(4) given by 8 and 8’ in Table IX. 
The tensor products 3w * 3’0~~ and 3w 2 * 3’~ give the modular characters 
9 and 9 in Table IX. 
Any nontrivial irreducible 2-modular character of M,, has degree at least 8, 
since all eight nonidentity elements in an &-subgroup of M2, are conjugate. 
So 8 and 8’ are irreducible. Restricting 9 and $ to an S,-subgroup, it is clear 
that 1 is not a constituent of 9 or 9, which are therefore irreducible. 
InL,(4), 64 belongs to a block of defect 0. 
THEOREM 8.3. For p = 2, the decomposition matrix of M2, is 
1 8 8’9 g64 
1 Cl 
20 2 1 1 
35 1 1 1 1 1 
35’ I 1 1 1 1 
35” 1 1 1 1 1 
45 2 1 1 1 2 
4521121 
63 3 1 2 2 2 
63’ 3 2 1 2 2 
64 1 < 
The Cartan matrix is 
1 
8 
8’ 
9 
9 
64 
‘34 16 16 23 23 
16 10 9 12 12 
16 9 10 12 12 
23 12 12 17 16 
23 12 12 16 17 
\ 1 
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~ T%e 2-modular characters of Mz, 
Tn order to find the 2-modular characters of Ma, it is necessary to use the 
group 3 . n/r,, , that is, MS, extended by Fart of its covering group. It is not 
difficult to work out the character table of 3 * M,, and the result is given in 
Table VIII. 
We start by identifying some of the 2-modular acters of 3 . lMz?i ” 
Let s be a fixed nonidentity central element of 3 . . Denote by nw a 
character (ordinary or modular) of degree n having value nw on s. 
~EMiVIA 8.2. 3 . M,, has 2 -modular characters having values shown below. 
The values on the other 2-regular classes dz$er by a multiple of w~~orn those shozm. 
Ordeer of elements: 
I 7 7 11 11 3 5 
21w 21 0 0 ----I -1 5 
3840~ 384 -1 -1 --I 
6w 6 -1 - 
36~ 36 1 
45w 45 
-l+i#i -l-id 
2 2 1 
45’w 45 
-l--id/5 -1+id7 
2 2 1 H. 5 
99w 99 1 1 0 o---1 
150 15 1 
Proof. 21~0, 384~0, 45~0, 45’w, and 99w are simply or inary characters of 
3 ~ Mz2 restricted to 2-regular classes (see Table VIII). 
3 I iyI,, is a subgroup of SU,(2), which has a natural sax-dimensional 
2-modular character. Hence 6~. 
Tensor the dual 6w2 of 6~ with itself to obtain 36~ as shown. Then note 
that 
360~ = 210~ + 210~ - 4~. 
So 6, (which is clearly irreducible) is a constituent of 21~0, giving the 
character 15~ = 21~ - 6w as shown. 
Todd [5] describes how Mz4 has an 11-dimensional representation over 
GF(2). It is easy to show that we can take the corresponding II-dimensional 
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2-modular character to have the values as shown in Table XII. The only 
difficulty is the value on the elements of order 7, which might, at first sight, 
be (1 & 332/7)/2. H owever, we must have 11 /Ma, = 9 + 2 . 1, so this is not 
the case. Thus, we have the dual 2-modular characters 11 and fi for n/r,, . 
Restrict 11 and fi from Ma, to n/r,, : 
11 + ii = 21 + 1 on 2-regular classes. 
So 1 is a constituent of 11 and fi in A!&, . The remaining characters 10 
and @ shown in Table X are irreducible, by restricting to Mzl and an 
&,-subgroup. 
There are four more modular irreducible characters of M,, to find besides 
1, 10, and a. Two of these form a dual pair, complex on the elements of 
order 11. One of the others is a constituent of 99 with multiplicity one and 
restricts to Mz, to have 64 as a modular constituent. 
LEMMA 8.3. M,, has an irreducible modular character of degree 34 as shown 
in Table X. 
Proof. Take the tensor product of the modular characters 6w and 6w2 of 
3 * M,, and subtract twice the 1 character to obtain 34. 
Since 34/Mz, = 8 + 8’ + 9 + 9, if 34 is reducible, then 
either 34 = $ + $ + $, degree + = 16, degree $ = degree $ = 9; 
or 34 = 4 + x3 degree 4 = 16, degree x = 18. 
The second case cannot arise, otherwise there would be too many modular 
irreducibles. 
If S is an Sir-subgroup of Ma,, then (34/S, 1,) = 4. But in the first case, 
we would have to have (z//S, 1,) = (q/S, 1J = 4. 
So 34 is irreducible. 
LEMMA 8.4. MS, has modular characters 90 and % as shown below, and 
2( 10 + iG) is a constituent of 90 + 90. 
Order of element: 
1 35 7 7 11 11 
90 0 0 -1 -1 -7+iz/Ti: -7-i&i 
2 2 
30 0 0 -1 -1 -7-i&i -7fidii’ 
2 2 
176 -4 1 1 1 0 0 
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90 = 6d 0 15w, 
90 = 6w - 15w2, 
where 6~ and 15w are the characters of 3 . &I,, found in Lemma 8.2. 
To show that 2( 10 + B) is a constituent of 90 + !Xi, induce up 8 frrom M,, 
and note that 
8” = 90 + xi - 2(10 + lo) + 34 + 2 * 
(8* is the character 176 shown above). 
A 8.5. &!12, has modular characters 70 and 
= 70 + 10 + %.i, and neither 10 EQY 10 is a 
PYOC$ Mz2 has a subgroup A E A, . It is not dificult to show that the 
2-modular irreducible characters of ia7 are 
17 143 125 132 7 7 
- 
1 1 1 1 1 1 
4-2-l 1 
l-id7 lfi& 
2 2 
90/A =2-l $2.14+2.20+2.6+4+4, 
10/A = 6 + 4, 
IO/A = 6 + a. 
The result now follows by Lemma 8.4. 
LEMMA 8.6. Either 70 is irreducible, or 70 = I + 69, z&k 69 ~~~ed~c~b~e~ 
Pro@. Let E be a subgroup of M,, of order 55: 
(70/E , 1E) = 1. 
So I is a constituent of 70 with multiplicity at most one. 
Induce 70 and 34 to Mz3 : up 
70* = 896 + 231’ + 2024 - 770 - 770 - 1 on 2-regular classes, 
34* = 1035 - 231’ - 22 on 2-regular classes. 
The difference between these two characters has degree 828. But 896 
belongs to a block of defect 0 in n/r,, , and so (70 - 34)” cannot be a modular 
character of Mz3 . Therefore, 34 is not a constituent of 70. 
Since 70/n/l,, = 2 * 1 + 2(8 + 8’) + 2(9 + ?I), 70 certainly does not have 
as a constituent the modular irreducible of degree at least 64 appearing in 99. 
The only remaining possibility is that there is an irreducible modular 
character x such that 
We must have (x/E, lE) = (z/E, lE) = x, say. 
Therefore (a + b) x + c = 1. 
If c = 0, a + 6 = 1 3 70 is irreducible. 
If c = 1, ax + 6~ has value - 1 on the elements of order 5; 
* a + b = 1 3 70 = 1 + irreducible. 
LEMMA 8.7. 99 = 1 + 98 with 98 irreducible. 
Proof. 10 . iTi = 99 + 1 on 2-regular classes. 
So 1 is a constituent of 99. The character 98 appears in Table X. 
98/M2, = (8 + 8’) + (9 + 9) + 64. 
Therefore, among the modular irreducibles already found, only 34 can be 
a constituent of 98. 
Suppose there is a modular character 64 = 98 - 34. 
Then tensor 64 with the character 6w of 3 * M,, to obtain the modular 
character 384’~ of 3 * iVIsa as shown: 
1 7 7 11 11 3 5 
384’~ 384 -1 -1 -l--i&i -1+idii 0 -1. 
Then note the following equation between 2-modular characters of 3 * M2, : 
384’w = 384w - (99w + 6~) + (45~ + 45’~ + 15~). 
But 384~ belongs to a block of defect 0 in 3 . Ma,, and (99w $- 6~) # 
(45~ + 45’~ + 15w), a contradiction. 
Therefore, 34 is not a constituent of 98. 
MATNIEU GROUPS x7 
We have now proved that the modular irreducible characters of M,, arell, 
10, %, 34,98 and either 70 and % or (70 - 1) and (% - I). 
It will be proved later that 1 is not a constituent of 70 or 
So we state 
THEQREM 8.4. The 2-modular irreducible characters oj A&, are given in 
Table X. The decomposition matrix of M,, for the prime 2 is 
21 
45 
;FJ 
55 
99 
154 
210 
231 
385 
280 
280 
The Cartan matrix is 
lf -92 42 42 50 20 
10 42 21 20 23 9 
lo 42 20 21 23 9 
34 50 23 23 29 10 
98 20 9 9 10 6 
70 12 5 5 7 2 
70\ -12 5 5 7 2 
1 10 lo 34 98 
1 
1 1 1 
1 1 1 
1 1 1 
1 1 1 1 
1 1 
2 1 1 I 1 
4 2 2 2 1 
3 1 1 2 
5 2 2 3 1 
4 2 2 2 1 
4 2 2 2 1 
1 1 
1 1 
1 
E. The 2-modular characters oj Mz, 
lW,, Ras 11 2-regular classes. 
896 and 896 each belong to a block of defect 0. 
LEMMA 8.8, In both l%& and Mzd 
(i) 11 and 11 aYe irreducibb. 
(ii) 45 splits as 1 + 44, where 44 is irreducible. 
The values of 44 and 44 for Mz3 and Mzh are recorded in Tables XI and X 
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Proof. Condition (i) follows at once from looking at the restriction to 
an ,&,-subgroup. 
(ii) 11 . n = 1 + 120, where 120 is a modular character of Mz4 or 
Ma, (see tables XI and XII). 
Let F be a Frobenius subgroup of order 23 * 11 in Mz, : 
(120/F, IF) = 0. 
So 1 is not a constituent of 120 in either M%or Mz4 . 
In MM, 252+2.1 = 120+2(11+11)+(45+~) on a-regular 
classes (252 being the ordinary character of that degree). So 1 is a constituent 
of 45 in Mg, , and hence also in Mz,. 
Let E be a Frobenius subgroup of order 11.5 in Mz, . 
44/F=2(+/-$), deg#=deg$=ll; 
44/E = i pi + 4(+ + $), pi linear, deg4 = deg+ = 5. 
i=l 
The first equation + any constituent of 44 has degree z 0 (11). The second 
equation * any constituent of 44 has degree E 0 or - l(5). 
Hence the result. 
LEMMA 8.9. The following columns belong to the D-space of Iw,, : 
231 
231 
770 
770 
896 
896 
990 
990 
1035 
2024 
1 
1 
1 
1 
1 1 
1 1’ 
1 1 
1 I 
1 1 
2 2 
Proof. These columns are obtained by tensoring the projective inde- 
composable 896 with the modular irreducibles 11 and ii in turn. 
It follows that there are modular irreducible characters +(231) and 4(x) 
which are constituents with multiplicity one of 231 /and 231, respectively, 
but which are constituents of no ordinary character of smaller degree, nor 
of 253. 
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Next note that 
ll/Ms, = 1 + 10, 
aa/Mz, = 1 + fi, 
44/l&, = 10 + 34, 
Z/M‘&, = 10 + 34, 
920/A&. = 2 . 1 + 10 + lo + 98, 
2%3/Ma, = 3 . 1 + 10 + lo + 34 + 2 * 98, 
2%1/M,, = 231/Ma, = 3 . 1 + 10 + a + 2 D 34 + 70 + 78, 
so that 
(i) 44 and 44 are not constituents of 120. 
(ii) 44 and a are not constituents of 253 (since 253 is real). 
Note, also, that the ordinary character 230 is equal, on 2-r-e 
to1l+~+44+44+120,sothat 
(iii) $(23 1) and 4(%-i) are not constituents of 120. 
It now follows that the modular irreducible characters of 
1, 11, fi, 44, 7i;?, 896, 896, +(231), $(%I) 
and (a) a modular character $(120) which is a constituent of 12 
plicity one, and which restricts to Ma, to have 98 as a constituent; (b) a 
modular character $(253) which is a constituent of 253 with multiplicity one, 
and which restricts to M,, to have 34 as a constituent. (And so +(253) is not a 
constituent of 120.) 
LEMMA 8.40. 44 and a do not appear as ~o~t~t~e~ts of 23 1 OY 23 1. 
Proof ~ 
231 . fi = 896 + 896 + 2 - 1 + 120 + ‘ii + 44 + 2 * 44 + 231 -/- 253, 
44 . Ti = 231 + 120 + 1 + 2 -44 + ;i;i: + Bl - 3, 
&fi=253+?%+11-fi. 
Since 44 .n and 44 * ii both have 46(238) as a constituent, whereas 
231 . fl does not, it follows that neither 44 nor is a constituent of 23 1. 
Hence the result. 
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LEMMA 8.11. +(120) = 120. 
Proof. We have already shown that none of 1, 44, 44, $(253), 4(231), 
4(m) can be constituents of 120. It remains to show that 11 + fl is not a 
constituent: 
120~11=1+5~11+4~44+120+2~231+2~253, 
Il.11 =2*44+11+2*11. 
If 11 were a constituent of 120, then 44 would be a constituent of 
120 + 2(231 + 253), which we have shown is not so. 
LEMMA 8.12. 120 is not a constituent of 253. 
Proof. 
253.11 =2.1+3*11 +3*ii+3.44+4.;?;i:+2.120 
+ 3 + 231 + 2 . %l + 4 .253. 
But we have seen in Lemma 8.11 that 120 * 11 has 4 .44 as a constituent. 
It now follows that $(253)/& must have 2 * 98 as a constituent. Hence, 
neither $(253) nor 120 is a constituent of 231 or 231. 
LEMMA 8.13. There are modular characters 
220 = 231 - 11 
and 
220 = 231 - ‘ii. 
Each is either irreducible, OY equals 1 + (an irreducible). 
Proof. As in Lemma 8.10, 
But we have now shown that 11 is not a constituent of 120. So 220, and 
similarly 220, exist. 
We know that none of 44, a, 120, and $(253) is a constituent of 220. 
22O/Ms, = lo + 2 * 1 + 2 * 34 + 70 + %, 
ll/Ma, = 1 + 10. 
Therefore, 11 is not a constituent of 220. 
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As in Lemmas 8.10 and 8.11, 
220~1=1+896+896+1l+ii+44+2. 
n-11 =2~44+ii+2.11. 
By looking at the multiplicity of 44, it follows that n is not a constituent 
of 220. 
That 1 is a’ constituent of 220 with multiplicity at most one follows by 
observing that (220/F, lF) = 1, where F is a subgroup of order 23 . 11. 
In order to show that 220 and 220 are, in fact, irreducible, it is necessary 
to look at Mg4 e 
~EMiV.4 8.14. A!lz4 has a modular character of degree 253 having values 072 
Z-regular classes as shown: 
1 1636 5 7 7 11 15 15 23 23 3s 21 21 
253 1 -2 1 1 0 1 I 0 0 -2 -2 -2. 
N.B. This is not the ordinary character of A&r which has degree 253, to 
which we shall make no further reference. However, the above modular 
character 253 restricts to be 253 in A!& . 
Prooj We already know the following modular irreducible characters 
of A& : 
1, 11) fi, 44, a, 120 = 11 * fi - 1 (values in Table XII). 
(The last is irreducible, since its restriction to Ma, is irreducible.) Now, 
0 I1 + 2 . 11 + (44 + 44) + 120 = 483 + 231 (*) on 2-regular classes. 
We know, by restricting to Mas (231/i&, = 1231)~ that none of 44, 44, and 
120 is a constituent of 231, and that 11 is a constituent with multiplicity at 
most one. 
Therefore, 44, 44, 120, and 11 are constituents of 483. Since 483 is real, fi 
is also a constituent. 
Hence the existence of the modular character 
253 =483-(11 +11+44+ 
LEMIWA 8.15. In. n/r,, , 253 is irreducible OY = 1 + (iyred~ci~~e). 
Proof. We know, by now, that the only possible constituents of 253 in A& 
besides +(253) are 1, 11, and fi. The greatest possible rn~lt~~~~~~ty of I1 + fi 
is one (by restricting to Mzz), and 1 is a constituent with multiplicity at most 
one (by restricting to a subgroup of order 23 . 11). 
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So a real constituent of 253 in Mz4 must have a degree in the list 
1, 22, 23, 230, 231, 252, 253. 
But 253/Mr, = 1 + 2 . 10 + 2 + 44 + 144. 
Hence the result. 
LEMMA 8.16. In MN ,231 = 11 + 220, with 220 irreducible. 
Proof. In the proof of Lemma 8.14, write (*) in terms involving 253: 
44.11 +I1 =fi+253+231. 
Since 11 is not a constituent of 253, by Lemma 8.15,ll must be a constituent 
of 231, giving, 231 = 11 + 220. 
The only possible constituent of 220 is 1 (by restricting to M23 ; see 
Lemma 8.13). 
But 220/M,, = 16 + i& + 44 + 144. 
We can now return to M2a. 
LEMMA 8.17. In n/r,, , 220 and 220 are irreducible. 
Proof. Suppose 220 = 1 + (an irreducible). 
Let M be an Mz,-module affording 220. 
Then, as an Mea-module, either M or its dual has a one-dimensional 
submodule. 
But inducing up 1 from Mz3 to Ms, , 1*=2.1+11+fldoesnothave 
220 as a constituent. 
This result contradicts Theorem C. 
LEMMA 8.18. (i) 1 is a constituent of 253 in M,, . 
(ii) 1 is not a constituent of 70 in MS, . 
Proof. Induce up 70 and 1 from M,, to Mz, , 
70” = 896 + 11 + ii + 220 + 2% + 253 - 1, 
1” = 1+ 11 +ii. 
Condition (i) follows from Lemma 8.17. Condition (ii) follows because 
252 = 253 - 1 does not have 1 as a constituent, by restricting 252 to a 
subgroup F of order 23 * 11 (see Table XI for 252). 
LEMMA 8.19. (i) In Mz4, 253 = 1 + 252, with 252 irreducible (see 
Table XII). 
(ii) In Mz3 , 252 is irreducible. 
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oo$ Suppose 253 is irreducible in Ma, ~ 
Let M be an Ma,-module affording 253. 
Then, as an Ma,-module, either M or its dual has a submodule affording 
one of 1, 11, Ii- 
Induce up 4) 11, and fl from Mz3 to Mz, : 
1” =2.1+11 i-11, 
II* = 1+3*11+2~~+2~44+120, 
lI*=1+2~11+3~fi+244+12O. 
None of these have 253 as a constituent, contradicting Theorem C. Lemma 
8.15 now gives (i) 
Applying the same type of argument to the irreducible 252 in Ma, we 
deduce that 252 is irreducible in Mr,, . 
Having now found all the modular irreducible characters of Ma, ) we state 
THEOREM 8.5. 
The 2-modular irreducible characters of MS, are given in Table XI. The 
decomposition matrix of MS, fey the prime 2 is 
1 
22 
45 
43 
230 
231’ 
231 
231 
253 
770 
770 
990 
996 
1035 
2024 
896 
896 
1 11. ii 44 44 120 220 220 252 896 895 
1 
1 1 
1 1 
1 1 
1 1 1 1 1 
1 1 1 1 1 1 
1 1 
1 1 
1 
222211 1 
2221211 1 
222211111 
222121111 
322221141 
4 4 4 2 2 1 2 2 3 
1 
94 
The Cartan matrix is 
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1 
11 
fl 
44 
a 
120 
220 
220 
252 
896 
896 
-46 39 39 28 28 16 17 17 24 ’ 
39 40 39 26 26 16 17 16 22 
39 39 40 26 26 16 16 17 22 
28 26 26 21 18 12 10 11 14 
28 26 26 18 21 12 11 10 14 
16 16 16 12 12 8 6 6 8 . 
17 17 16 10 11 6 9 7 10 
17 16 17 11 10 6 7 9 10 
24 22 22 14 14 8 10 10 15 
1 
1, 
F. The 2-modular characters of Mg4 
Mz4 has 13 2-regular classes. 
We have already found the following modular irreducible characters: 
1, 11, ii, 44, 44, 120, 220, 220, 252. 
Of the remaining modular irreducibles, two form a dual pair, and there are 
two more with real modular characters. 
The differences A, B, C, and D between dual pairs (11, fi), (44, z), -- 
(220, m), and (44 * 11,44 * 11) are given below on the non-real classes: 
7 7 15 15 23 23 21 21 
A --idi ifii&T -idfi id3 -in -2i~i 2i1/zj 
B i2/7 -id/7 0 0 0 0 -ifi ifi 
C idi-idi 0 0 --i &3 iv??? 2i2/i -2idi 
D --id7 id7 iv% -i&T? 2iz/B -2idB -.-2id/7 2i1/7 
Since it is impossible to write the difference between 44 . fl and 44 . 11 in 
terms of the other differences, 44 * 11 and a * 11 must contain the final pair 
of dual modular characters. Call this pair qG(44 . fl) and +(a - 11). 
LEMMA 8.20. There is a unique modular irreducible character 4 of MM , 
called4(5313), such that #Mz, has 896 + 896 as a constituent. 
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BOOS, Induce up the projective indecomposable 896 from IWss to obtain 
the fo~~ow~~g D-basis element: 
5313 1 
5796 1 
10359 1. 
The last modular irreducible character is located by the following: 
LEMMA 8.21. There is a modular irreducibbb character ~~2~24) of 
having the following properties: 
(i) @024) is a constituent of 2024 with rnult~p~~c~ty one. 
(ii) $(2024)/M,, has 252 as a constituent, but qS(2024) is vsot 252 in iPf2, o 
(iii) (b(2024) is not a constituent of 44 . fi or s - 11. 
(iv) +(2024) # 1, 11, 11, 44, a, 120, 220, f.ff& 252, $(44 0 bd>, 
4(&i * la), or +(5313). 
Proof. There is a subgroup n/r,, * Ss of Msp which has an ordinary 
character of degree 128 belonging to a block of defect 0 (see Table VIII in 
Todd Es]). 
252/A!&, . S, has 128 as a constituent exactly once. 
2024/i& * §s has 128 as a constituent exactly twice. 
Therefore 2024 has 252 as a constituent with mu~ti~l~c~ty at most two. 
But 2024/M& = 2024 has 252 as a constituent with multiplicity three. So 
2024 has a constituent +(2024) satisfying (ii). 
Since none of 1,11, ii, 44, && 120,220,23,4 
Ms, to have 252 as a constituent, and since 896 is not a co~stit~e~~ 
of 2024jMss ) (iii) and (iv) follow. 
To prove (i), note first that none of 1, 11, fi, 44, a, 12 :220,228,44 a;, 
or k * I1 restrict to have 128 as a modular constituent in Ms, . Ss 1 So, of the 
possible constituents of 2024, only #(2024) and 252 can restrict to A!&, . S, 
to have 128 as a constituent. 
Let 
Then 
x = the multiplicity of$(2024) in 202 
y = the multiplicity of 252 in 2024, 
n = the multiplicity of 252 in ~(2024)/~~~ ) 
m = the multiplicity of 128 in ~(2~~4)~~~~~ . ISa s 
nx+y=3, mx+y=2, 
and these equations are compatible only if x = 1. 
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LEMMA 8.22, (i) 44 + 120 is a constituent of 44 - fl. 
(ii) 2 * 1 + 2(44 + 44) is a constituent of 2024. 
Proof. To show that 2 * 1 is a constituent of 2024, notice that 
2024 + 1 = (45 -45) = (44 + l)(@ + 1) = 44 * &I + 44 + ;i;i: + 1. 
But 44 .a has 2 . 1 as a constituent. 
Next, observe that 220 . 11 can be written as 
220.11 =2024+44*ii+220-(1 +11 +44+3.44+120). (*) 
By restricting to A& ,a is a constituent of 44 * fi with multiplicity at most 
one (see Lemma 8.10), and of 2024 with multiplicity at most two (see 
Theorem 8.5). So @ is a constituent of 44 . ‘ii and 2(44 + a) is a 
constituent of 2024. 
Now, 
22O.ii=5313+44+4-4-(11 +2.ii+220+220+44.ii+2024). 
(**) 
So 2024 - (44 + a), #(44 . ii), $(a . 11) are all constituents of 5313. 
But 5313/A&, has 120 as a modular constituent with multiplicity two, and 
2024/M,, has 120 as a modular constituent with multiplicity one. So $(44 * 11) 
cannot restrict to MS, to have 120 as a modular constituent. 
Therefore 120 is a modular constituent of 44 * fl in Mz, . 
LEMMA 8.23. 
and 
320 = 44 - ii - (44 + 120) 
32O=&i*ll-(44+120) 
are modular irreducible. 
Proof. 320/Ml, = 16 + ii5 + 2 . 144. 
Since all the elements of order 11 are conjugate in MS, , the only possible 
degrees for constituents of 320 are 
32, 144, 176,288, 320. 
But 320/M,, = 1 + 11 + 2 .44 + 220, and the result follows. 
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COROLLARY 8.24. M,, has a modular character 20 5 having the fol~Qwi~g 
properties : 
(i) 2045=5313-(2024+2(11+~)+220+220+32 
(ii) 2045/i&, = 1 + 252 + 896 + 896, so 32 
~o~st~t~e~ts of2045; 
(iii) +(5313) is a constituent of 2045. 
Proof. Rewrite (**) of Lemma 8.22: 
The result follows, since 5313 is real. 
LEMMA 8.25. 
Mza has a modular character 1264 (given in Table XII) havilag the f~l~ow~~~ 
properties: 
(i) 1264=2024-(2~1+(11+fi)+2(44+ )+ l20+(220+22 
(ii) 1264/Mz, = 2 * 1 + 3(11 + fi) + (220 $220) + 3 * 252. 
(in ~a~t~~~~ar, 320 and 320 are not constituents of 1264); 
(iii) $(2024) is a constituent of 1264. 
Proc$ 320 * 11 is found to reduce as follows: 
.ll =%0+2045+2024-((2*B 141 -/-a+120 
+ (220 + 220) + 252). 
Using Corollary 8.24 (ii) and Lemma 8.22 (ii), the result follows. 
LEMMA 8.26. At most two from the collection (220, 220, 252, 252, 252) aye 
constituents of 1264. 
spoofs 
1264~1~=15~1+14(11+ii)+10~44+43~4~+lOG! 
+6am+6.252 +2*320 +3 s + 3 - 1264 + 2045, 
%f% - 4 1 = ii + &i + 320 + 2045, 
220 . 11 = 1 + fi+ 44 + 120 + 220 + 2 * 220 + 320 + 1264, 
252011 =3~1+11+2*ii+44+4~~+2:12O+2~220 
+ 252 + 320 + 1264. 
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The result follows, since each of 220 . 11, 220 . 11, 252 . 11 has 320 as a 
constituent, but 1264 * 11 has it with multiplicity just two. 
COROLLARY 8.27. +(2024) h as d g e ree at least 692, and so is not a constituent 
of 2045. 
LEMMA 8.28. $(5313) = 2045 - (1 + 252), so call ~(5313) 1792. 
Proof. Since 2045/Mz, = 1 + 252 + 896 + 896, we now know that the 
only possible constituents of 2045 besides $(5313) are 1 and 252. 
Suppose $(5313)/A& # 896 + 896. 
Since 5313 has 896 and 896 as ordinary constituents when restricted to 
n/r,, , we may take an (F, M&-module M affording 5313, which has an 
(F, M,,)-submodule T affording 896 + 896 (F a sufficiently large field of 
characteristic 2). 
M has an Ma,-submodule S such that M/S = M has an Ma,-submodule 
R/S = a affording +(5313). Let T = TSIS. Regard i@ as an Mas-module. -- -- 
a n T is an Ma,-submodule, and R/R n T z RF/T < M/T which has no 
subquotient admitting 896 or 8%. 
Therefore an T = T. 
So, we have constructed an MN-module R affording $(5313), which has an 
Ma,-submodule T affording 896 + 896. The dual of w will have an n/r,,- 
submodule affording 1 or 252. 
But, inducing up from MS3 , 
1” = 2*1+ 11 +ii, 
252” = 6 * 1 + 3(11 + ii) + 5(44 + a) + 4 * 120 + 2(220 + 22d) 
+ 4 .252 + (320 + 320) + 2 * 1264, 
neither of which has +(53 13) as a constituent, contradicting Theorem C. 
We have now proved 
THEOREM 8.6, The 2-modular irreducible characters of Mz, are 
1, 11, ii, 44, &i, 120, 220, 220, 252, 320, %i!J 1792 
given in Table XII, and 
+(2024) = 1264 - 01. 1 - p( 11 + ii) - ~(220 + 220) - 6 -252, 
where 01 < 2, p < 3, 2y + 6 < 2. 
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The ordinary characters of n/r,, can be written in terms of t 
1264 as below: 
1 11 ii 44 zi-;i: 120 220 220 252 320 %% 1792 1% 
I 
23 
45 
33 
231 
231 
252 
253 
483 
770 
770 
990 
B-6 
1035 
1035 
1035’ 
1265 
1771 
2024 
2277 
3312 
3520 
5313 
55 
5796 
10395 
1 
1 1 
1 
1 
1 
1 
1 
1 
1 
2 2 1 1 1 
122111 
1 1 1 1 1 1 
1 1. 2 1 1 
1 2 B 1 1 
2 2 2 2 1 1 
222121 
2 1 2 1 1 1 
22flll 
322221 
3 3 3 3 3 2 
555443 
211221 
3 1 1 2 2 1 
422222 
677444 
333222 
888665 
444333 
1 
1 
I 
1 1 
1 1 
1 1 1 
1 1 1 
1 1 I 
1 1 1 
1 1 1 
1 1 1 
1 1 2 
1 1 
1 1 1 
1 1 2 1 1 
2 2 4 1 1 
2 2 1 
3 3 4 I 1 
2 2 2 1 B 
-11 10 10 8 8 7 4 4 5 2 2 
I 
3 
I 
a 1 
1 
1 : 
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Calling the first 12 columns 1, 11, fi etc., and the last column c, the columns 
of the decomposition matrix are 
1 +w 11 +pc, Tl + pc, 44, a, 120, 220 + yc, 220 + yc, 
320, 320, 252 + Bc, 1792, c, 
where 01, /3, y, and 6 are as above. 
TABLE I 
The Character Table of M1, of Order 7920 = 24 * 32 * 5 . 11 
Element 1 2 4 3 5 8 8 6 11 11 
Centralizer I GI 48 8 18 5 8 8 6 11 11 
1 1 1 1 1 1 1 
lo’ 2 2 1 0 0 0 
10 -2 0 1 0 01 z 
iij -2 0 1 0 I a: 
11 3 -1 2 1 -1 -1 
16 0 0 -2 1 0 0 
m 0 0 -2 1 0 0 
44 4 0 -1 -1 0 0 
45 -3 1 0 0 -1 -1 
55 -1 -1 1 0 1 1 
1 1 1 
-1 -1 -1 
1 -1 -1 
1 -1 -1 
0 0 0 
0 B B 
0 B B 
1 0 0 
0 1 1 
-1 0 0 
Cu.=;& -1+ idii 8= 2 
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~000000-i~~~0~00 
II I 
31 -00 -&0rii--+0~000 
I ! I I 
37-43 OO~OIT-i-O--iooO 
I I I I 
~d*00~?.3?le-l”N~000 
I I I I I 
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TABLE III 
The Character Table of M,, = L,(4) of Order 20 160 = 26 . 32 * 5 . 7 
Element 12 3 4 4 4 5 5 7 7 
Centralizer 1 G 1 64 9 16 16 16 5 5 7 7 
1 1 1 1 
20 4 2 0 
35 3 -1 3 
35’ 3 -1 -1 
35” 3 -1 -1 
45 -3 0 1 
33 -3 0 1 
63 -1 0 -1 
63’ -1 0 -1 
64 0 1 0 
a= g-1 + iv?) 
1 1 1 1 1 1 
0 0 0 0 -1 -1 
-1 -1 0 0 0 0 
3 -1 0 0 0 0 
-1 3 0 0 0 0 
1 1 0 0 ol ol 
1 1 0 0 ol 01 
-1 -1 B 8’ 0 0 
-1 -1 8’ p 0 0 
0 0 -1 -1 1 1 
P = &(l + &) 
TABLE IV 
The Character Table of Mz, of Order 443 520 = 2’ * 32 * 5 . 7 * 11 
Element 1 2 3 5 4 4 7 7 8 6 11 11 
Centralizer 1 G 1 384 36 5 16 32 7 7 8 12 11 11 
1 1 1 1 1 1 1 1 1 
21 5 3 1 1 1 0 0 -1 
45 -3 0 0 1 1 01 L? -1 
;is -3 0 0 1 1 & 01-l 
55 7 1 0 -1 3 -1 -1 1 
99 3 0 -1 -1 3 1 1 -1 
154 10 1 -1 2-2 0 0 0 
210 2 3 0 -2 -2 0 0 0 
231 7 -3 1 -1 -1 0 0 -1 
385 l-2 0 110 0 1 
280 -8 1 0 0 0 0 0 0 
X0-8 10 0 0 0 0 0 
1 1 1 
-1 -1 -1 
0 1 1 
0 1 1 
1 0 0 
0 0 0 
1 0 0 
-1 1 1 
1 0 0 
-2 0 0 
1 P B 
1 B B 
-1+;fi -1+ifi 
Cd= 
2 B= 2 
TA
BL
E 
v 
Th
e 
Ch
ar
ac
ter
 
Ta
ble
 
of 
lV
r,,
 o
f 
Or
de
r 
IO
 
20
0 
96
0 
= 
Z7
 *
 J
2 
~ 
5 
. 
7 
. 
11
 
’ 2
3 
-_ 
-..-
 
.- 
.__
__
_II
_ 
12
” 
18
28
 
1"3
" 
14
54
 
14
44
22
 
13
'pl
 
13
7"
 
lW
42
 
12
62
3"
2"
 
12
11
” 
12
11
” 
11
55
3 
11
55
3 
11
47
2 
11
47
2 
12
3 
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3 
- 
g 
26
88
 
18
0 
15
 
32
 
14
 
14
 
8 
12
 
11
 
I1 
15
 
15
 
14
 
14
 
23
 
23
 
1 
1 
1 
1 
1 
1 
1 
1 
1 
0 
0 
0 
0 
-1 
a 
I2 
-1 
0 
1 
1 
0 
a: 
cd
. 
-1 
0 
1 
1 
0 
-. 
1 
-1 
0 
1 
-1 
-1 
0 
0 
0 
-1 
-2 
0 
0 
1 
0 
0 
-1 
1 
0 
0 
P 
0 
0 
_.-
 1
 
1 
0 
0 
P 
1 
1 
-1 
1 
0 
0 
1 
0 
0 
0 
1 
0 
0 
0 
0 
0 
0 
1 
0 
0 
0 
0 
0 
0 
0 
6 
8 
1 
0 
0 
0 
0 
8 
s 
1 
lx 
ul 
0 
0 
0 
0 
0 
a: 
01
 
0 
0 
0 
0 
-1 
--1
 
1 
0 
1 
1 
0 
1 
1 
0 
I_ 
1 
0 
0 
I_ 
1 
1 
1 
-1 
-1 
0 
-cl
 
0 
-F
d 
0 
1 
1 
0 
B 
0 
B 
0 
1 
_- 
1 
0 
0 
0 
0 
1 
0 
1 
0 
0 
01
 
0 
0: 
0 
-1 
-.- 
1 
1 
6 
3 
g-
1.
 
1 
1 
-1 
-1 
-2 
-1 
--0
1 
-1 
1 
0 
0 
1 
0 
1 
0 
1 
-1 
0 
0 
Y 
0 
7 
0 
-1 
0 
-1 
& 
1 
a 
1 
--I 
0 
1 
0 
,t 
i a
, 
1 
-1 -1 -1 
0 1 1 1 0 Y Y 
-1 -- 
1 1 1 0 0 
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TABI 
The Character Table of II&, of Ord 
IS4 1828 1636 1454 144422 1373 1373 128242 1262322e 12112 11553 11553 114: 
E! 21504 1080 60 128 42 42 16 24 11 15 15 141 
1 1 1 1 1 1 1 1 1 1 1 
23 7 5 3 3 2 2 1 1 1 0 
45 -3 0 0 1 01 CF -1 0 1 0 
w -3 0 0 1 z ct -1 0 1 0 
231 7 -3 1 -1 0 0 -1 1 0 B 
2317 -3 1 -1 0 0 -1 1 0 P 
252 28 9 2 4 0 0 0 1 -1 -1 
253 13 10 3 1 1 1 -1 -2 0 0 
483 35 6 -2 3 0 0 -1 2 -1 1 
770 -14 5 0 -2 0 0 0 1 0 0 
770 -14 5 0 -2 0 0 0 1 0 0 
990 -18 0 0 2 a! or 0 0 0 0 
990 -18 0 0 2 z ol 0 0 0 0 
1035 -21 0 0 3 2a 2% -1 0 1 0 
1035 -21 0 0 3 2s 2a -1 0 1 0 
1035’ 21 0 0 -1 -1 -1 1 0 1 0 
1265 49 5 0 1 -2 -2 1 1 0 0 
1771 -21 16 1 -5 0 0 -1 0 0 1 
2024 8 -1 -1 0 1 1 0 -1 0 -1 
2277 21 0 -3 1 2 2 -1 0 0 0 
3312 48 0 -3 0 1 1 0 0 1 0 
3520 64 10 0 0 -1 -1 0 -2 0 0 
5313 49 -15 3 -3 0 0 -1 1 0 0 
5544 -56 9 -1 0 0 0 0 1 0 -1 
5796 -28 -9 1 4 0 0 0 -1 -1 1 
10395 -21 0 0 -1 0 0 1 0 0 0 
01= g-1 + id?) 
1 
0 
0 
0 
P 
B 
-1 
0 
1 
0 
0 
0 
0 
0 
0 
0 
0 
1 
-1 
0 
0 
0 
0 
-1 
1 
0 
1 
0 
-a 
--ol 
0 
0 
0 
-1 
ci 
0 
0 
a 
5 
0 
a 
-1 
a 
a 
1 
c 
-1 
1 
C 
C 
C 
( 
p=&lid 
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4823 040 = P. 3$. 5 .7 * 11 * 23 
1472 123 123 122 64 4" 38 21" 10222 213 213 49" 12642 
14 23 23 12 24 96 504 7680 20 21 21 384 12 
1 
0 
-1 
-1 
1 
1 
-1 
0 
0 
Y 
7 
1 
4 
0 
0 
0 
5 
0 
0 
0 
0 
1 
0 
1 
0 
-1 
1 
-1 
1 
1 
0 
0 
0 
1 
0 
1 
1 
1 
1 
-1 
-1 
0 
0 
-1 
0 
0 
0 
0 
0 
0 
0 
0 
1 
-1 
-1 
-3 
0 
0 
0 
1 
0 
1 
1 
-1 
-1 
1 
1 
2 
0 
-1 
0 
2 
-2 
0 
0 
0 
0 
0 
1 1 
-1 -1 
1 3 
1 3 
3 0 
3 0 
0 0 
1 1 
3 0 
-2 -1 
-2 -7 
-2 3 
-2 3 
-1 -3 
-1 -3 
3 6 
-3 8 
-1 7 
0 8 
-3 6 
0 -6 
0 -8 
-3 0 
0 0 
0 0 
3 Cl 
1 1 
-1 -1 
5 0 
5 0 
-9 1 
-9 1 
12 2 
-11 -1 
3 -- 2 
10 0 
10 0 
-10 0 
-10 
-5 0 
-5 0 
35 0 
-15 0 
11 k 
24 -1 
-19 1 
16 1 
0 0 
9 -1 
24 -1 
36 1 
-45 0 
1 
-I 
-3 
-3 
-1 
-1 
4 
-3 
3 
2 
2 
6 
6 
3 
3 
3 
-7 
3 
8 
-3 
0 
3 
-8 
-4 
3 
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TABLE IX 
The 2-Modular Irreducible Characters &, 
la4 1636 1454 1454 137” 1373 
1 1 1 1 1 1 
1 
9 0 -1 - 
9 0 -1 - 
I 
.l 
-3-i& -3+iJ;i 
2 2 
.l 
-3+ifi -3 - iv? 
2 2 
64 1 -1 -1 1 1 
TABLE X 
The 2-Modular Irreducible Characters of M,* 
la4 163’ 1454 1373 1373 12112 12112 
1 1 1 1 1 1 1 
10 1 
-l-i& 
0 -l-t-i& 
2 2 
-l -1 
lo 1 0 -1tidi -l-i& 
2 
-1 
2 
-1 
34 -2 -1 -1 -1 1 1 
70 -2 0 0 0 -3+idii -3-ii 
2 2 
70 -2 0 0 0 
-3--i&i -3+idii 
2 2 
98 -1 -2 0 0 -1 -1 
MATHIEU GROUPS 
p$ 
.N 
+ 
m 
f-3 
y 
.N c-4 
I 
o-2 
0 
(u Ic) I 
3 0 0 0 0 + 
I 
0 ?-+ 
0 
T; 
3 0 0 0 0 3 
0 3 
0 0 
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3 0 0 ” 
3 
N 0 0 
I 
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